Vector Functions of a Real Variable 
LINES AND PLANES 


' Let a and u be vectors in E° wi 
with . 
we mean the set of x in E* which can v a ee line through a parallel to u 


: x=k ae 
or in component form, pate ae (2.1) 


t= ea 
1 kui + a1, ®2 = ku2+a2, ws = kust as, —-ack<ow (2.2) 


The ees (2.1) or (2.2) are called the parametric equations of the line. We say that the 
poin x generates the line as the parameter k varies over the real line. Any vector which is 
linearly dependent on u will be said to be parallel to this line. Two lines will be said to be 
parallel if their respective vectors u are linearly dependent. 


Example 2.1. 

The parametric equation of the line through a = e, + 2e, parallel to u=e,—e3 is 

x. = kuta-= ke,—e,) + (e,+ 2e2) = (k + Ley + 2e, — kes 

or #4 = k+1, t= 2, %3 = —k. ° 
Example 2.2. : 

If a and b are distinct points on a line, then b —a is a nonzero vector parallel to the line. Thus the 
equation of the line through a and bis x = k(b— a) +a, or . ; 

vy = k(by — 4) 4+ dy), Xo = k( [ee a9) + gy x3 = k(bg — G3) + ag 


By the plane through a parallel to two independent vectors u and v we mean the set of 
x in ES which can be represented by t ; 


x = hutkt+a, oc h<w, -~<k<e (2.8) 
or, equating com onents, 
: : ? ty = hus + kv3 + Gs (2.4) 


1 = hun + kv +1, tv = hut, + kve + de, 


2.4) are called the parametric equations of the plane. ve say eas 
' i dently over the real num ers. 
* he plane as the parameters h and I vary indepen 
eatin il cai to be parallel to the plane if it is linearly dependent upon u and v, and 
it will be said to be normal to the plane if it is orthogonal to both u and v. . 

If nis a nonzero vector normal to the plane x =~ hu Fey ta then the point x lies on 
—ais orthogonal to n, oF 


The equations (2.3) and ( 


the plane if and only if x 
(x—a)'n = 0 (2.5) 
In terms of the components of x, a and n, this becomes 7 
| . (fi = ai)m + (22— 2)N2 + (%3— az)ns = 0 J 


{ 
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If a,b,c are noncollinear points on a 
plane, then b—aandec-—aare linearly inde- 
pendent vectors parallel to the plane and 
(b—a) X (€— a) is a nonzero vector normal to 
the plane as i dicated in Fig. 2-1. It follows 
from equation (2.5) that the equation of the 


plane through a, b, c is 


((x—a)(b—aje—a)] = 9 — @) sear 
Example 2.3. + 
The parametric equation of the plane through a= & parallel to 4 =e, and ¥~ i aac te 
=k 
c= kutky ta = (h—Be, t eat hes or gp eho’ tig, = i. M8 
The plane is also given by 
uy 1 -l 
[(x—a)uv] = det ay—-1 0 Of} = 0 or i= 0 
vy 0 1 


NEIGHBORHOODS 
Local properties of functions are conveniently described in terms of the concept of ¢ 
spherical neighborhood. Namely, the «open sphere or espherical neighborhood of a vectol 
a, denoted by S,(a), 18 the set of x satisfying |x — al<e. As shown in Fig. 2-2, a point x is 
{x is in the interior of the sphere of radius « about a. In E?, S,(a) is 


in S.(a) if and only i 
the interior of the circle of radius « about a; and in E!, S.(a) is the open interval of lengtt 


2. with a at its center, as shown in Fig. 2-3. 


— 


Fig. 2-2 Fig. 9-3 


Tt is also convenient to consider 2 spherical neighborhood of a less a itsel 

S.(a) excluding a is called the «deleted spherical neighborhood of a and is de Self. The get 

Since |x— al = 0 if and only if x= 4, 8’(a) consists of the vectors x satis trite 0 | by Si(a). 
Kal <e. 


Example 24. 
nerical neighborhood f the vector a= © + 2eo+ 8e3, Le. 
The 1/10 sp erl ighborhood 0. ev 1 2 3, Le. Sipro(ey + 2e, + Sen), 


+ a3 satisfying consists of 


the vectors x = “1&1 + Xo@2 
—1)2 + (@.— 2)? + (@,— 314? < 1/10 or = (1 — 1)? + (wy — 22 + ( 
X3 


|x —al = [1 
—3) < 1/100 


Example 2.5. | 
i tisfying |*— 5| < 1/100 
S3;100(5) 07 E1 is the set of numbers # sa eee 
that Syiso0 js the open interval of length 1/50 centered about. 5. /100 <x < cee 
. : Note 


yy, 6=CSS 
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a ae Paint Gris ok {(t) to each real number t of a set of real numbers s defines “ 
oo vaviable, the set Sis ee ae t in S. As in the case of scalar functions of a 
denoted by £(S), is called the image cae of definition of £; and the set of assigned vectors, 


Example 2.6. 
Let a,b,c be fixed vectors in space. The equation / 
f(t) = a—2tb + te, —2=1=2 


defines a vector function of t with domain —-2=t=2. A table of some assigned vectors is 


Example 2.7. 
In Example 2.6 suppose that a =e, + 2e,, b=e,—e3, c= ey—€3. Then 


He) == Wea 2a) > 2t(e, — €3) + t2(e, — e;) = A+ fe, + (2—2t)e, + (2t — t)eg 


Here f is expressed in terms of the three scalar functions f t =1+#, f(t) =2—- 14): = 
. t , t 2 2t, Hj= 2t ig 
its components with respect to (e;, es, 3). ctions f1(#) a(t) fa(t) ’ 


As indicated in the example above, f(t) uniquely determines three scalar functions 
fi(t), fo(t), fa(d), its components with respect to the basis. Conversely, three scalar functions 
filt), fa(t), fs(£) on a common domain S uniquely define a vector function ; 


f(t) = fi (t)ex + fo(t)er + fs(tes 
on S whose components with respect to (e1,e2,es) are fr, fo, fa. 


Vector functions will be used to define curves. Let x = f(¢); then as ¢ varies, the point 
x will trace out a curve, as shown in Fig. 2-4. The equation x = £(¢) or, componentwise, the 


three scalar equations 
t1 = filt), % = fo(t), 23 = fa(t) 


and the variable ¢ will be the 


% 
ae 


Fig. 2-5 


will be called a parametric representation of the curve, 
parameter. 


v1 


Fig. 2-4 


Example 2.8. t in t >0, 0=t=27 is a para 

: = to —asint, a Stor ts a . 
Th ton x = a(cos te, + a(sin ten oF M4 5 age Ms : i 
metric Se tata of ie circle of radius a about the origin. As ¢ increases through the interval 
V2¢= 9. the-circle is t +aced in: # counterclockwise direction, as shown in Fig. 2-5 above. 


"OF srote Ghiak the eidctchce of 6 Wat ct ik c ined toy 
‘on the nature of the function a limit at to isa lo pre at FER 
Hist Tana tg ‘Tun s ae ocal prope cas 
defined at to. For pete icert py arent etghborhaod Te OE eae ead noes 
Re eee CMa aieagae ere ehe res domain could be the bead tes oreover, f(t) need not be 
‘Example, 2.10. oe : ees ; e open interval act<to es 


Let ‘¢() =a = constant 

4 nt. The i ya peers t vad : 
and hence for all S(t) for all fg for any ty lim f(t) = a. For f(t) =a is in every. Sea), f ait: 
pee ; Aerts = _ is in. every, Se(a) for allt 


Example 211. 


The function ©x = £(t) = ie +e, t=0> 
tey—"é,, t <0’ 


1, ¢=0 


or %4 = f(t) = t, me fitey ={ 
.\-1, t<0’ 


shown in Fig. 2-9, does not hav 
vi . : ‘ é 
for any point L has a eh a ae res i: ae 
not intersect both the line a1 and ch ie 
ts = —1. (For example, as shown, S,/9(0, 1) aKa 
include points on %,—-1.) For these ‘s (L) eas 
will not, exist a 6 > 0 such that for all o< \e| ee 
the points x= f(t) are in S,(L). Since L i bh 
trary, there is no limit. On the other igi, the 
function does have a limit for any other choice of f. 
For example, as t> 4 the limit is dey +e, : ‘ Fis 2-9 \ 
Fig.290 0. 
a 0 ae scalar function g(f)> 0 a8 tt if for every «> there sania 
f(t) -L| <e if and lo()| << for ¢ in Sit). Tf we Tet a) © \f(e)-L|, then |9(O| = 
(t) | ¢ if an only if f(t) is in S<(L). Thus we have the i ortant Lt saat 


Theorem 2.1. £(t)7L as t> to iff |f(t)-L]|>9 as t> to. 


ea 


Example 2.12. 
lim (#2e, — (6+ 1)e,) = €1 — 2€, since 


tel hes. 2 as 
lim \@) = 1h) =, Ten \(2— De, — t— 1je,| = lim (2—12 + @-1P? = 
>L as t> bo. Then for an arbitrary < >0, there exists '3>0 


rt in Ss(to). Hence for t in Sa(to), 
iat) —L| + IL] = M 


Finally, suppose f(t) 
such that |e(t) — L] <« fo 
ie(t)| = |e) “L+H = 
(to) -— L|) + |L|. Thus we have 


where M = Max (e, |é 
then £(¢) is pounded at to. 


If f(t) has a limit as t> to, 


Theorem 2.2. 


MITS 


PROPERTIES OF LI 7 
Suppose lim fil) = Li t= 1,2,3; then 4 
ae + fe (t)e2 + fa(t)es] = Ihe + Lees + L3e3 


im 
thes + faltjes 


lim \(f i (t)e1 


and L= Lie + Le. + Lses; then 


For, let £(t) = fi(Bes * fal 
4 Loen + Lses)|. 


+ fo(t)ez + fa(t)es) — (Lies 


lim |£(t) 9 Facteur 
tr to = lim [(fa(t) — 11)’ + (fall) — Ly)? + (fa(t) — Ls)\"? 


0 


a 
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- Co “vnovoR FUNCTIONS oF ARE 
“The converse oot ine above is also true. Namely we: have. ~ 


The function {= ~ f,(ter+ fall ) 
if fit), 7= 1,23, have limits as 


sn x) = (1m. 140) (im 00) C2 iid) 


toto 


‘Example 213. | PAL rer | pot 
oe lim ((sin t)e, + (cos tee + tes) (iim sin ) e, + (1m cos ) e, + (xi t) 05.8 


etfs (t)es has a jimit as t> to if and én 


: 28: 
Theorem : > to, in which case 


i] 


to 


Example 2.14. 


Let f(t) = Pe, + te, Then aS 
(2+ hye, + (2+ hye) — (der + 2€2) 
oh 


lim te — FO) = lim 
h-0 he0 
2+h)2 — Ae he 
= lim Shae Ay ms | = de, + & 
h=+0 h h 


Now suppose f(t) > L as ¢> fo; then |f(t)| > |L| as i> t.. For, letting g(t) = fi(Ber + 


fo(t)ez + fs(tes and L = Ine: + Lyex + Lses, 


lim || = lim (A(t) + fale) + fa)” 
= ‘{(tim x) + (iim falt)) + + (iim poy) 
24 i+ Bye =) 


ve is not true. That is, |f(t)| may have a 


Note, however, that the converse of the abo 
Example 2.11 at to= 0. 


limit even though f(t) does not. This happens in 
We state the above result formally as 
Theorem 24. If f(t) > L as t> to, then |f(¢)| > |L| as ¢> fo. 


Finally, we have: If lim f(t) =L, lim g(t) =M and lim h(t)=N, then 
fy to t=rty 


[Hi] lim (ef) +e()) = lim &() + lim g(t) = L+M 
[H2| lim (ht)g(t)) = lim h(t) lim g(t). — NM 


[Hs] If N~0, then lim (f(/h(E)) = lim £(¢)/lim h(t) = L/N. 


sa) Uy}x(0) = Ym Cm (= Te 
Te) tim )<a(t) = fim £0 Him g(t) = XM 


H] If lim f(t) = on La 
[He] im f(t) = f(t) and lim h(6) = to, then lim £(h(9)) = #( tim n(0)) = f(t). 


t=>to 


Example 2.15. 
“Let lim f() = L, jim g(t) = M, jim h(t) = N. Then 
a1 ty t—+to 


Oo! tb tg 


a 2 Jim [H) g(t) h(¢)] im (£(¢) * e(@) xh()) = lim £(¢) + Jim (g(t) x h(t) 


lim £(é * li i = 
ue (t) din g(t) x him h(t) = [LMN] 
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- CONTINUITY 
oe. vector function £(¢ 

-§> 0, depending on «, : 

continuous at to if 


heat bo is continuous at to if for every «> 0 there exiats a os 
at f(t) is in S.(f(t)) for all in S,(to); or, equivalently, f(t) is 
Pe Been oes tim £() = f(t) nena ee (2.8). 
i etapa me to be continuous on J if it is continuous at all t=t inJ. 
4At) 4=1,2,3, are Buena 2.3, that f(t) is continuous if and only if its components 
Sega 4! ; nuous. Also it follows from [Hi] through [Hs] that the sum, 


“product, and scalar an ; 
1p fatoad functio vector products of continuous functions are continuous and that a 
con n of a continuous function is continuou : 


tie, 8. 
Finally, we note that (2.8) is equivalent to 
lim (&(t) — f(t)) = 0 
,if welet h=t—-¢ ‘ 
or, 1 ( 0 lim (f(to+h) — f(t)) = 0 


Example 2.16. 
Let f(t) = a+ bt+cé? with a,b,c = constants. Then: 


li — i ‘ 
of f(t) lim (at+bt+ct2) = a+ bty + ete = f(t) 
Hence f(t) is continuous for all ¢. 


Example 2.17. 
wz—1 


5 f—71 1 t Bee, t+#1 : 
Let f(t) = . Then f(¢) is continuous for all &° For t) #1, 
2e; + 2, t=1 
ae | fea Bod 
= 3, ee ee eee 3 =— 
Pa f(t) Pie (g =j"% + f e:) = 1% + toe, = f(to) 
For t =1, 4 \ 
2-1 : 
‘ = =F li t B = = 
lim f(¢) lim ( ri" + oes ) lim ((é+1)e, + ##e,) 2e, + e, f(1) 
Example 2.18. te, +e, t=0 : : ; 
The function {f(é) = in Example 2.11 is continuous at all t except £=0 where 
te, —@,, t<0 


the limit does not exist. 


DIFFERENTIATION f(t) — H(t, 
: cm 0 
The limit P(t). =, BM ey 9) 
if it exists, defines the derivative of f(t) at t= to. If f’(to) exists, we say f(t) is differentiable 
at to. ae 
Observe that if we substitute ¢ = t) + At in the above, the derivative at to is also 
given as tte + At) — f(t) 
f(t) = lim feted Mo) | (2.10) 


At0 


Example 2.19. 
Let f(t) =a+bt+ ct?, with a, 
f(t) + At) — £(to) _ 
f(t TO 


pb, c = constants. “Then 
fin Et Dito at) + eto + a0] — (at bia t eft 


£(t) = dim, At At—+0 At 
t)2 
_ bat + 2etoAt + cfAM" _ jim (b+ Zety teat) = b+ 2ety 
= lim, At pele 


ai, RRS 7/ Ss Yen VERSITY COLLEGE 
iy f(t) i differentiable at ty with derivative f(fo) = b+2et. MASENO a aRARY 


Theorem 2.6. 


> gmeroR FUNC rons OF A REAL VARIABLE [CHAP 
f(t) pat (é)e ae fa(t)ez + fa(t)es, then it follows from ‘Theoror” , 


 £(t) — £(to) 

Belt) 2 = tim 3 . 

ve ane Mea: 
ym (filles + ft) — ltd, 4 BO : 
t+to t- to t to j (t f (t) ae fa(to) a 
2 eo fut) — fled) E a(t) = e : 

~ [am iets + [imran de * lee : 
| = filtejer + falta)en + faltoles 

‘Thus we have mad 
= | differentiable at to if and only . 
= Ost sats jt eat t to, in which case 


- Theorem 2.5. A function f 
if each component fi(t), 
7 tf 
f’(to) = fx (to)es 4: fa(to)ez + fa(to)es a 
a vector function on I which 
e of f(t), denoted by 


; 1/2, 8; is differentiable a 


1= 


If £(é) is differentiable on an interval J, then f’(t) is again ecto! 
may again be differentiable. This will give the second order derivativ 
f(t). Higher order derivatives are defined similarly. 


As with scalar functions, if u= f(£), we use the notation 


du - @ [du du 
a da fh Pe) SS ee WHE i te. 
rey |: f(t), 4 dt (42) dt? f(t), ete ee 


Example 2.20. : 
If u = (#3 + 2é)e, + (sin tes “+ efes, then . 
= (3t2+2)e, + (cos the. + efes 


du d d d 

, eg — (ej —(et 

wu di di (8+ 2t)ey + asin they + rT Jeg 
d [du. a. d d - 

uw’ = @t as) = ap be? + Ber + ae C8 tie, + (ees = 6te, — (sint)e, + etes 
dd d d,. d ; 

a” <=) aaa ag Sher — aq (sin Nes + ai(ees = 6e1 ~ (cos t)e, + ees 


Example 2.21. . 

x -= a(cos te, + a(sin te, 
derivative’ x’ = dx/di- = —a(sin t)ey + a(cos t)es 
onal to x, since x°x’= 0. 


traces the circle of radius a about the origin, as shown in Fig. 2-10. The 
is tangent to the circle at x and, as we expect, orthog- 


Fig. 2-10 


Many properties of ‘scalar functions carr 
, y over t 
2.26 we prove ; r to vectors. For example, in Problem 
If {(¢) is differentiable at to, then f(t) is continuous at ty 
é a . 
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DIFFERENTIATION FORMULAS 


S _Ifu,v, A are differentiable functions of ¢ on I, then x 
» [Ki] ou +v is differentiable on I and fiaiay) = du. dy ~ 
: dt “ade: dt 
Jo] huis differentiable on I ad _ ,du dh 
|! and ag (eu) = hat + aU Ze 
J3] uv is differentiabl Oj Pts ied ON: OU 
[Js] eonTand 7 (u-v) = wat aS 
[Js] uXxvis differentiable on I and S(uxv) = ux 24+ xy 


Finally we have the chain rule: 


Cais oe (2) is differentiable on J; and t= (0) is differentiable on /,, where the image 
h(I,) is contained in J;, then u = g(6) = £(h(6)) is differentiable on I, and 


du _ du dt 
do ~ dt dé 
Example 2.22. 
Let u = a(cost)e, — a(sin t)e,, 9 =(1+#)'/2, t>0. Then 
d du dt E 
a - Re L~ ales (—a(sin t)e, — a(cos t)e,)/[t(1 + t?)—1/2] 


de ~— dtdo ~— dt/ dt a 
: —(a/t)(1 + #?)1/2((sin t)e, + (cos t)es) 


where we used the fact that for scalar functions 9 = h(t) such that do/dt #0, we have dt/de = 1/(de/dt). 


23. 
poe? a(,.a8) 2 y.4 (a), du.du a, Jal 
ae\"°ae/ —. "dt \at dé dt “de lat 


Example 2.24. 
i, dude) _ df .du da) _ ,.d (da, eu) , du, (du, du 
o [ude a = 4 (u-Sex 5) = ural ae ™ ae) * ae’ \ae* at 
du, du , (@u, eu Sey = | eee 
7, u-[(Stx SB) + (GX +0 = alae * ae) — ("ae ae 


Finally, if u is a vector function of constant magnitude, ie. if |u] = constant, then 
u-u=constant, and, differentiating, we obtain 


du | du “e _du _ 
weata ua? or wu aE oe 


Hence u is orthogonal to du/dt. In particular we have 
Theorem 2.7. If wis a unit vector function, then du/dt is orthogonal to u. 


This theorem is an important result which will be used often. 


FUNCTIONS OF CLASS C” 


In general we require that ou 
twice, or more often. Also we wl 


L- \ result will be valid. Accordingly we scalz 
class C™ on an interval J if the mth order deriva 
denote the class of continuous functions by C° and the class of function 


dives of all orders by C°. 


r functions can be differentiated at least once and usually 
11 want to know the largest class of functions for which a 


say a scalar or vector valued function f belongs to 
‘sts and is continuous on J. We 
s which have deriva- 


2.13. 


"CHAP. 2} 
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Show that the points P(t*,—¢,2f) lie in Si(1,—1,2) for all t in Sino(1). 
ae fis in Sy,yo(1), then [f— 1] < 1/10 or (f—1)? < 1/100. Also, 
(€+1? = ((f—1)+ 27 = (2-1 + 4(t-1) +4 
= (t—1)? + 4]r—-1) +4 = (1/100) + 4/10) +4 = 5 

Now, for these t, the distance between P(#, —t, 2) and (1,—1,2) is 

((@ — 1)? + (—£4+ 1)? + (2t- Qe = [(e+ 1)%(f—1)? + (t— 1)? + A(t—1P 2 
< [(5/100) + (1/100) + (4/100)}'2 = 1/V10 < 1/8 
Thus P is in Sy,3(1,~1, 2) for all ¢ in Sy49(1). 


Find a §>0 such that the vectors x = fe, —te:+2te; are in Siso (e1 — ea + 2es) 
for all t in S,(1). 

Let a =e,—e,+2e,, Then 
\(t#? — ljey — (£— Leg + (2t — 2)e,] 
\t2—4 Jey] + [t—A] leg! + J2t—2| les] = [t—Ufet 1] + [tI] + 2l¢-3 
jt—1(je+1)4+3) = |e—-1)(t-14+2/+3) = |¢—1/(lt-1] +5) 
Now suppose |f—1|<1; then |x—al=|t—1/6<1/100 if |t—1)< 1/600. Thus if |e-al < 
1/600, i.e. if t is in S,(1) where 8 = 1/600, then certainly |t—1| <1 and 

|x—al = |t—1|(j!t—1]+5) = |t-—1|6 < (1/600)6 = 1/100 

that is, x is in Sy,;o9(a), which is the required result. 


x—al 


IK IA TI 


LIMITS AND CONTINUITY 


2.14. 


2.15. 


2.16. 


2.17. 


Hence [£(2) g(t) h(¢)}] is continuous at to. 


Evaluate lim [(3t? + 1)e: — t*e: + es]. 
to 


lim [(8t? + 1)e, — Beg + 3] = (1im (3t2 + 1) e — (1m e) e, + (aim 1) eg = 18e, — Be, + eg 
t—2 ee to2 t2 t+2 


Let f(t) = (sint)e.+¢tes and g(f) = (@+i)e.+ ete. Find (a) lim (f(t) « g(t), 
(b) lim (E(t) x g(4). a | 


(a) lim (£(t) * g(¢)) lim {(t) ° lim g(t) *e. ; 
_ = lima ((sin t)e, + tes) * lim ((t? + l)e, + eteg) 


i] 


NW 


‘ ieee = 0 


(b) lim (£(é) X g(t) = lim f(t) x lim g(t) 
- lim ((sin de, im te,) X lim ((t2 + 1)e, + ete,] 


= ox eae = 0 


Define the function f(t) = |] 
t=0. 


putt +(costje, at t=0 so that f(t) is continuous at 


lim f(t) = lim , (Se + (cos nes) = ey + e& 
t—-0 


Thus if we define {(0) =e €,, then lint (0) = £(0) and f(t) will be continuous at t= 0, 


Prove that if £(t), g(t) and h(é) are continuous at to, then [f(¢) g(é) h()] is continuous 


at to. A : 
It is given that lim f(t) = E(t), nae g(t) = g(é)), and lim h(t) = h(tp). It follows from 


Hraniple.216 that". 
eaters lim [to ct) BC] = fe att 
- O . 


|| -potor FUNCTIONS: OF A REAP vamasie (ET) 


8 cee 
\aie. Using the definition of the limit, show that ce ee 
‘Let f(t) = fe, + (t+ Les and L = e+ 2e2, and consider 4 


—1| leq + [6-2 lee 


Poe Ra eine sa gee t—1)e| = | _ th 3); 
: (te L| \(2— De, + (é- Her eeaiqecyeae a e—aide + 


= |t—tletil + Ieee le 


If we take |¢—1| < ay it follows further that | 
: 4 qy—u) = |t-alae< © if tt] < 4 


Sag 
a 
| 


e Pa \ ae 
3 = min (1, €/4). Then if |t—-11 <5, ie. 


Thus given an arbitrary «7 0, we are led’ to choose theae t, 


if t is in S,(1), we have poth jé—1) <1 and |t— 1| < «/4; and for 
\e(t) —L| = Je—-1(é-1] + 8) = je-1]4 < € Lyei 


ie. £(£) is in S.(L), which is the required result. 


9.19, If £(t) is bounded at tp and g(t)> 0 as t> to, show that f(t) x g(t) > 0 as t> to. 


Let ¢>0 be arbitrary. Since f(t) is bounded at to, there exist M>O and 8, > 0 such that 

\f(E)| 4 M for all 0 < |t— tol < 8 Also, since g(t) 70 as tt there exists 52 >0 such that 

lg(t)| <</M for 0< |t— tol < 8 Now choose 6 = min (5,, 52); then for 0 < |t—fto| < 6 we have. 

0 < |t—t| <8, and O< |t—to| < 82, Hence 
i) x g(t) — 0] = [RG x e(O] = [ECE] JC Isin a. K6 8) it(t)| lg(t)| < M(e/M) = « 

Thus f(t) X g(t) 70 as t> to. 


2.20. If £(t)>L and g(t) > M as ¢> to, show that f(t) x g(¢) > Lx M as t > bo. 


‘Now let e> 0 be arbitrary. Since git) >M as t> fp, there exists a 6, >0 such that” 
g(t) -M| <«/(2|L}) for 0< |t—to| < 5, Also g(t) is bounded at tp, and so there exist 5, >0 i 
and K>O0 such that |g(t)|=K for 0< \t—to| < 8. Finally, since f(t) >L as t>to there. 
exists a 5,>0 such that |E(t)—L| < /2K whenever 0 < |t—to| < 63. Then if O< |e—t] <6 = 
min (81, 8,83), we have 0< |t—to| < 81, O< |t—to| < 8 and 0< |t—to| < 53 and so 


(exe) (LX M)] = f—E| fel + E|e—M] < (6/200) + [EI (e/2|L) = « 


‘DIFFERENTIATION 


2.21. Let u = a(costjei 4. a(sin t)e: + btes, a,b40. Find (a au b an oe 
|| ; ‘ (a) dt’ (b) dt |’ (c) dt’ 
dt? |" 
du _ d ds. 
- (a) ape ae tes the, + usin the, + £ (othe, = -—a(sin t)e, + a(cos te, + beg 
(b) || = (a2 sin? t + a? cos?t + b2)1/2 = (a2 + 21/2 \ 
(c) du _ df/d A 


= = — ay : ? 
dt? dt as) a qe usin te, + £ a(cos t)e, + z bes 


—a(cos t)e, — a(sin te, 


d2u 
(4) | = (0 cos?t +.a% sin2t/2 = |a| 


92.22, Find the equation of the line tangent to the 
curve generated by x = te: +e. + tes. at 
t=1. i 


A vector tangent to the curve at the poi eu 

point x is — 
dx/dt = e, + 2te,+ 3te,. If y denotes a generic point 
on the tangent line, then the equation of the tangent 
line (see Fig. 2-15) is. . es : 


y-x) = bE or yorkyts —x<kh<o 


“CHAP, 2]. 


2.23. 


2.24. 
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At: t= tx = : 
7X =e: +e, +e, and dx/dt = e,+2e,+38e;. Hence the tangent line at t= 1 is 
y= K(e, + 2e, + 8es) + (e, + ep +e), —wn<ik<o 


es ¥ = (K+ 1ey + (2k+1)e, + (8k+1)e, —-% <k<@ 


If u = (8#+41 fh d d 
a da Jer + (sin tier and v = (cos ter + ees, find (a) au" v), (b) a Xv), 
at!" , 


ior 


at ay ((3t? + 1)e, + (sin £)e,) + (—(sin t)e, + etes) 
; + (6te, + (cos t)e,) * ((cos t)e; + etes) 
—(8t? +1) sint + 6¢ cost / 


da: 
(2) gary) ='y- WW, du 


d d 
6) =uXx = a 
(0) gluxy) . uxt Xv 
e, 3+1 —sint e, 6t cost 
= det &2 sin t 0 + det |e, cost 0 
es 0 et es 0 et 


= (sin t)ete; — (3t2+1)ete, + (sin? t)es + (cos t)ete; — Gtete, — (cos? te, 


= (sin t + cos t)ete; — (3t2 + 6t + L)ete, + (sin? t — cos? t)e, 


Another method: ‘ EEN - 
e,; 38-+1 cost ‘ 
uXv=det|e,_ sint 0 = (sin t)ete, — (8t2+1)ete, — (sin t cos f)eg 
e3 0 et 
and , 
Lu Xv) = [(sin tet + (cos t)et]e, — [(3t2+ 1)et + 6tetle, — [—sin?t + cos? fle, 


(sin t + cos t)etey — (812+ 6t+ l)ete, + (sin? t — cos? t)eg 


(c) fal = a = gan)? wea), = w+ w)—1722 («: az) = (u/|ul) a 


[(B#2 + Le, + (sin t)eg]/[(3#2 + 1% + sin? t]1/2+ (618; + (cos t)es) 
= (188 + 6t + sin t cos t)/[(S2+.1)2 + sin? t]V2, , woyk 
; ik : . b- 


I! 


- 
- 


Let u = (sin t)e: + 2tec + tes, (t > 0), and t'=logé. Hind du/dg as a (a) function { 
of 6, (b) function of t. ‘ 


(a) a = au dt — ((cos.t)ex + ftes + e9)(1/0). Substituting for ¢, 
du/da = (1/0)((cos log #)ey + A(log ae, + es). 
Another method: ; ' : 
Substituting fot 't, we have u = (sin log 6)e; + 2(log? o)e, + (log 6)e3. Hence 


, 1) dufde y= (cos log 0)(1/a)e, + 4(log 6)(1/a)e, + (1/6)e5 


(= (Aeh(cos log ee + 4(loe oes + €9) 
bits ee ee + dte, + e,)(1/0) = e7“(cos te, + 4t 
(b) ° gn Sted ((cos,t)ex @o T Cg “UCOS £784 €, + es) 
“4 ° t ‘ 
Another method: “ye a és 


Since 9 = et, do/dt = et.. Hence bg By 


be . dt du. /do 
du es ao = T/ Ge = &7*(cos the, + Ater + es) 


e « gfnition of 


‘Using “the 7 ae 
oe (a a) If f(t) =a 2 a E cgtant then f(t) = 0. 


Mi s(t) = ald a= con 
Bae eran f@ =) Wi ae in Oe 
a re = Ae tim, apt = ae 
ee i wera) 2 Ti ah(t-+ At) — able) 
Ay ee Brat dn Tc Ab 
= limalim het At) — A ~h) = ah'(t) 4 
Ato At-+0 At 4 


) is continuous at to. 


xg, Prove Theorem 2.6: If f(t) 18 aifferentiable at fo, then £7 


We consider tty) 
: ft) — Alto) “5 f(t) — ft) tim (tt) = 1p(é)]0 = 9% 
tg A) = tim Ot) = tim @—to) = EN 
and so {(f) is continuous at to: i 
go7. If wand v are differentiable functions of t, show that 4 
5 d du ' dv 
(uty) = at da 
We write w(t) = u(t) + v(t). Then 
a _ dw 4 w(t + At) — w(t) 
quty = ae ~ frac At 
Pe a (mead + wt at) — wl) — 
S ‘ig 8 
oe = itm Bete al) vita —vit) _ du, a 
Sof “t,» fr a ee = +% 
dv , du 


2.28. If u and v are differentiable functions of t, show that a a 


x Let w(t) = u(t) X v(t). Then 
cu 2 dw pees) — 
he wet = a 
At-+0 


Se = lim 
At+0 


f u(t At) ve) + (u(é + At): = mi) 0 


= Jim, u(t + At) X lim, mit ayy Wi: Ad) v(t) m WetAt) — (¢) 
At= jim, x lim v(t 
= axH y+ Bxy a on 


where we used the fact that u(t 
u( ), since it is differentiable, i is continuous. Th 3 
en lim u(t+ At) : 
me att), 4 


and v(t) is independent of At; hence i 
jim, v(t) = v(t). Another method is to find d 
q and v in terms | 


of a basis and to differentiate componentwise, 


oo seah VECTOR FUNCTIONS OF A REAL VARIABLE OES gay 


Cogs Sho, that u = acoskt+bsinkt, ab= constant,. is'a solution to @y/dt? = Ken. ba 


eer) ate 
du/dt = aap COS kt +b £ sin kt = —alksinkt + bk cos kt’ 
@u/dt? = —ak2 coskt — bk? si ; 
cos bk? sin kt = —k2(a cos kt+bsinkt) = —/?u 


du d 
pe Show that u-7 = |u| lu| 


dt ° 
ig d 
peu) Se ae dw das du dlu du dlu| 
ae OS gel Og gg a aul, or ow = lal ae 


2.31. If £(t) is differentiable at to, prove that 
f(to+At) = f(to) + £(to)At + R(to, At) 
where (R(to, At)/At) > 0 as At> 0. 
Define R = f(t) + At) — £(to) — f(t) At. Then 


jim, B/at = jim, [E(ty + At) — f(t) — £'(t) At]/At 
_ [Alt + At) — fe . 
kee a * | = f(t) — f(t) = 0 


which is the required result. 


2.32. Prove the converse of Problem 2.31. That is, if there exists a linear function a At of 
At, such that £(to+ At) = f(t.) + aAt + R, where lim R/at = 0, then f(t) is differen- 


tiable at to and a= f’(t). 


£(to + At) — £(to) .. abt +R 
_ Meg TAT Noe = lim ——— = SO lim R/At = 
roma At At+0 At prea a Atoo / - 


Hence f(é) is differentiable at t) and f(t) = a. 


TAYLOR’S THEOREM AND ANALYTIC FUNCTIONS 


2.33. Show that 
(sin ther + (P+ Les = er + F(z” +A)ez + xea(t — 2/2) 
4+ 4(—e1 + 2ex)(t — 2/2)? + of (t — 2/2)"] 
We find the first three terms of the Taylor expansion of f(t) = (sin tle, + (2+ 1jeg about 
t=7/2. Namely, 


f(t) = (sinfe + (#2 + 1)es f(r/2) = e+ 4(r?+ jes 
f(t) = cos te + 2tey f'(r/2) = Te, 
r(t) = —sin fe, + 2e, £'(7/2) = —eyt+ 2e, 


Thus (sin te; + (? + Le, =e + 4@? + 4)ey + 7e,(t— a/2) + 4(-e, + Qe,)(t — 7/2) +R 


where lim R(t — 7/2)? = 9. 
ton/2 


2.34. Show that at t=0: (a) to(#2) = o(t), (0) of@?) + oft?) = oft”), (c) o(#?)+ oft) = o(€*)- 


(a) lim to(é?)/#8 = lim (/o(2/2) = limol/P = 0 
t+0 ee 
(6) Lim (o(t2) + 0(@))/22 = Tim oye + 1 Ho(t8)/t) = 0 


(e) lim o(t2) ° o(f8)/8 = lim o(t2)/t? lim o(#)/8 = 0 


2.45. 
2.46. 


2.53. 


2.54. 


2.55. 


256. 


aM 
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Supplementary Problems| : ENN 


Find the equation of the plane through A(1,0, iy B(0, 0, 1), o(-1,-1, 0). 


Ans. 2x, _ Bx + Xg = 1 


Find the equation of th mae RAE S 

ges. : ae oe eh a pe A(1,—1;0) and normal to the line 21 = -k+1i,e,=#+1, 

Find th i : vie ; . 

peas A aa = the line which is the intersection of the planes Ba, — 2a_ + #3 = 5. and 
= ‘ Ang, 2, = —k-+1, % = 5k —1, % = 18k, (-2 <k<*@) 

Prove that th i Toe : 

a an “ae pe le of the line through a and normal to the plane xen=d, |n|*9% 35 

Prove th : 

eee ate ee of the line through a and orthogonal to ¢ and d, exd#0, is 


Find eae cavern of the cone with vertex at A(0,1,1), with axis parallel to the 4 axis, and half 
angle 9 = 60°. Ans, 824 — (%2—1)? — (x3—1)2 = 0 : 
ertin -42t=4 and sketch. 


(b) g(t + At), 


Calculate the vectors x = (t+ 1)e, + (1—- t2)e, for integ 


Let £(t) = (#2+1)e, + Be, and t) = (sin the; — i 
(6) flein t) x g(t? + »: Fy g(t) = (sin te; se tle, Find (2) f(a +b), 
Ans. (a) (a2+ 2ab + b?+ ley + (a3 + 8a2b + 3620 + bey 
(b) sin (t + Ate, — cos (t+ After 

: (c) (cos (t? +1) sin’ they + (sin (t2 + 1) sin? t)eg — (cos (2 + 1)(1 + sin? t)}es 
If a = 2e; —@, + 3 and b = e, + ¢2 t+ &» show that b is in S,(a) and find 8 > 0 such that 
S;(b) is contained in S,(a). 
Evaluate im, ((t? + Ley + ete, + (02 — L/(t + 1)Jes}- Ana. 20, + (L/e)ez — 2€3 
Determine the values of t for which f(t) = ((@+ 1)/(t? — Dyer + (tan tje; is discontinuous. 
Ans. t= 1,-1, 4rtnr, m = 0,1,2,.--- 
Let f(t) = (@- 1)eg + (cos t)e, and g(t) = (sin te, + ee, Find (a) lim (E(t) + e(t)), 
(b) lim (f(t) x B(é))- Ans. (a) -1, (0) ~e1 


If £(t), B(4) and h(t) are continuous on I, show that f(t) X (g(t) X h(?)) is continuous on I: 


ie u = (@+ 1)e, — te'ey + (log thes, t 7 0, find (a) du/dt, (b) @u/dt?. 
Ans. (a) 2te, — (t+ Lete, + (1/Hes, (b) 2e, — (t+ 2)etes — (1/t*)es 
Find the equation of the line tangent to the curve traced by x= (t2 — 2)ey + (E+ B)e, + (1+ 4t+ Les 
at t=1. Ans. X = (2k — 1)ey + (k + 4)e, + (8k + 6)e3, —" <k<- 

: d d 
ie u = (2+ the, + (log tes and Vv = (sin the, — (cos t)e,, t > 0, find (a) a ay) (b) at (u Xv). 
Ans. (a) (2+#) sin t—cost 

(b) [(/t) cos & — log t sin tle; + [(1/t) sin t + log t cos tle, — [(2+ t) cos t+ sin tleg 

ez +2,t=2. Find du/de and d?u/de2 as functions 


’ 


Let u = chert g(sin te, + (t? + les and t = 


of ¢. 


Ana. du/de = 2(¢— 
d2u/de2 = (4t — 6)e'e, 


2)1/2 (ete, + 2(cos thes + 2tes) 
+ [4 cost — (gt — 16) sin tle, + (12% — 16)es 


d dv du BE, ay Pu, 
show that (aiff) = wae dt My 


Find the firet three terms of the Taylor expansion of f(t) = (cos the, + (tz + 2t+ 1)e, about ¢= 0. 


Ans. (ej ae ty) a 2e,t ae! (2/2 +: tes 


2.62, 
2.63. 


2.64. 


2.65. 
2.66. 


2.67. 


2.73. 


2.74. 


“ 1 If w and v are © diferential 


“Rind all uw such that Side & = Be 


260. 
“Ans. w= (ret Coe + (4/4 + Co)er 


“261. - 
Ans. w= cane Lee aes oe 


Let f(t) be analytic at t = to and let 


Show that the vectors x = (t? + 1)e, 


= w that 
le ition the derivative (a proces) ‘show 


ale + 1)e, + zu - Apa: + eal 


e function 0 of t, show that me 


4 1)e, + Bez — (sin f)es- 
+ (cost + Cs)es 


_ , ts. 
Find all u such that @u/dé? = al? +btte, abe= constan 


Show that u X du/dt = 0 “if and only if u has constant direction. 


Show that (tan? t)e, + (2t%+ #)eg = o(i2) at t= 0. 


f(nt+1)(to) %~0 
) at £(ty)- 


f(t) =0, £"(to) = 9 £0") (to) = 0, 


Show that f"+1)(t,) represents a vector tangent to the curve x = f(¢ 


et for #0 
If f(t) = 0 for t= 0.’ show that £0) =0 for all x. 


4 (t+ Ney — teg lie in St/so(5e; + 302 — 2es) for all ¢ i 


S1/100(2)- 
If lim [fi(ther + faltles + fa(tes] = Lier + Lye. + Les, show that aos f()j= L, t= 1,2, a 
If f(t) > L and g(t) > M as tt, show that f(t)+g(t) > L-M as t > ty, | 
Show that [at? + o(¢%)] + [bt + o(¢)] = a+ bt? + o(¢), a,b, = constants, 
Show that g(t) = O(o(t)). 

Show that 0(9;(t)) * O(g2(t)) = o(9,(¢)92(t)). 

Show that O(g,(¢)) X O(92(E)) = O(9,(t)g,(t)). 


If f(t) > f(t) as t> ty, t= 
(t) > f(t) 88 t> to, = h(6), and h(0) > ty as 6 -> 65, show that f(h(o)) > f 
Ey (to) as @> 46 
| 0 


Prove the chain rule: If u = f(t) 
and t=h Z 
du _dudt (6) are differenti i 
then 7 = Ge ao- tiable functions of t'and 9 respectively, 
é 


Concept of a Curve 


REGULAR REPRESENTATIONS 
By a regular parametric representation we mean a vector function 
= x(t), tel 
of t in an interval J with the property that : 
(i) x(t) is of class C* in J 
(ii) x/() #0 for,all ¢ in I 


(8.1) 


The variable t is called the parameter of the representation. 
If a basis is chosen in(E3) the equation x= x(t) is equivalent to three scalar equations 
a = m(f), 22 = a(t), as.= a(t), tel " (8.2) 
the components of x = x(t) with respect to the basis. Evidently x=x(t) is a regular 
parametric representation ‘if ‘and only if-each a,(¢) is in class C* and if for each ¢ in I at 


least one of the x(t) # 0. 


Example 3.1. 


The function x = (t+De+ (f+ 3)eo, —o <t<m 


presentation, since x’ =e,+2te, is continuous and x’ #0 for all t. The image 


is a regular parametric re 
bola shown in Fig. 8-1. 


of the function is the para 
e6=7/2 


v2 


e=0 


v1 


6 = 82/2 


Fig. 3-1 Fig. 3-2 


Example 3.2. 
The graph of the equation 7 = 2cos@—1, 
Polar and rectangular coordinates are related by the equations % 


tution for r, we obtain the representation 
2, = (cos 6)(2 cos @ — 1), 


or x = (cos 6)(2 cos @ — Le, + (sin 9)(2 cos @ — 1)e, 
 hoeaes 


046 <2, in polar coordinates is shown in Fig. 3-2. 
= rcos6, % = rsing. Upon substi- 


%_ = (sin @)(2 cos 9 — 1), 0=0=27 
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CURVATURE AND TORSION 


If x—x(t) is an arbitrary representation of C with the same orientatio 


x = x(s), then dx _ dxds _ ae act 


x = g@ = ga. ‘lee 
Thus as we expect, the d 
t vector to the curve a 


erivative x’ has the sary 
nd we have the formu, 


_ Ge 


where again we used ds/dt = |dx/dt|. 
direction as t, namely, it is also a tangen 
t = x'/\x' 


TANGENT LINE AND NORMAL PLANE 

The straight line through a point x on a 
regular curve C parallel to the tangent vec- 
tors at x is called the tangent line to C at x. 
See Fig. 4-2. It follows from equation (2.1), 
page 21, that the tangent line at the point 
Xo = x(to}. is given by 

x = Xo + kto, —0o0 <k < © 


where ty = t(t) is a unit tangent at xo. 


Fig. 4-2 


t x is called the normal plane t 
page 21, the normal plane at xo is given by 


The plane through x orthogonal to the tangent line a 

C atx. It follows from equation (2.5), 
(x — Xo) = to = 0 

to denote a generic point on 


It is convenient to introduce a second variable, say y, 
tion of the tangent line at a 


figure related to x = x(t). Using this, we can express the equa 


arbitrary point x on C as 
y = xa mM, —o< k<ow (4. 


(yox)*t= 0 (4: 


rallel to t, so that the tangent line and normal plane 2! 


and the normal plane at x as 


Finally we note that x’ is pa 


also given by ee 
~ y = xt kx’, -~7 < hk < © 
and (y—x):x’ = 0 
respectively. 
\ 
Example 4.2. 


The tangent line to the curve x = te, + Pe,+ Be, at t=1 is 
y = x(1) thx) or y = (Lt bey + (1+ 2k)e, + (1+ Bhes, eg eae 


The normal plane at t= 1 is 
(y—x(1))*x"(1) = 0 or (1-1) + Ga— 12+ (¥g— 18 = 0 


or Y4+ 2+ 3y3 = 6. 


CURVATURE : 
We now assume that x =x(s) is a regular curve of class >2. Then the tangent vect! 
t = t(s) = x(s) is of class C', and we can consider its derivative 


dt/ds = ts) = Xs) 
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ti ‘ i n ’ 
. { t t t * " ) J 


ae _ a (a 

age = av (Bs) = gee (#9) = = 4 (4) #8 o(®) = i 
cae *) = as*\" ds) = *as\ds/ de® ~ en e(S)= i 
Thus t is independent of orientation 


The vector t s) i 
(s) is called the curvature vector on C at the point x(s) and is denoted by 


k = k(s) = t(s). 
Since t is a unit ve i 
ctor, it follows from 
Theorem 2.7, page 29, that k=t is orthog- 
| onal to t and hence parallel to the normal plane 
dace ee from zero, it is in the direction 
in whic e curve is turnin indi i 
aS g, as indicated in 
The magnitude of the curvature vector is 


denoted by 
Ik] = (ks) (4-4) 
and is called the curvature of C at x(s). The 
reciprocal of the curvature is denoted by Fig. 4-3 
a ek ee 
p= = Te) Ge 


and is called the radius of curvature at x(s). 


n C where the curvature vector 
inflection the curvature |x| is zero and the radius 0 
e 73, we prove that the al to the rate of change of 
gent with respect to arc length. Thus along a curve which has a 
t direction with respect to are length, such as a circle with a small 
relatively large, or, equivalently, the radius of curvature is small. 


k=0 is called a point of inflection. Thus 


A point o 
f curvature p is infinite. \ 


at a point of 

In Problem 4.9, pag 
the direction of the tan 
rapidly changing tangen 
radius, the curvature is 


curvature is equ 


a>0, we have 


uf Example 4.3. 
Along the circle of radiusa, X = a(cos te, + a(sin t)eg, 
dx| _— 
a = —a(sin tle; + a(cos tes, s| = a4 
t= de / & = —(sin t)ey + (cos te, 
re e dt _ dt dt = dt ds = at /) | = —1 (cos the, + (sin tes) 
and oS tee ge  - at as dt/ dt dt/ |dt a 
i | = [RL = he 
eh. at igin. The curvature 1S constant, equal to Ix] = [KI Va and t 
eal Aah ae sags mnie ae ge as we expect, the radius of curvature of a circle is simply 
radius of curva = : 
its radius. af 
Example 4.4. 
Along the helix * = a(cost)e, + a(sin te. + btes, 27>, ~0, we have os 
dx| _ © (g2+02)!/2 
dx — —a(sin tes 4 a(cos tes + bes, &| = Hey byne 


“ 
(a2 + p2)-V/ 2—a(sin the, + a(cos t)e. + bes) 


dt 
dx /| 2 
t = G/ idt 
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_ pe a /|xx 
Kee af S| 
= (a? + b2)—1/2(—a(cos E)e, 
— a(sin t)e,)/(a? + 62)1/2 


i — epi ((cos t)e, + (sin t)e,) 


Observe that k is parallel to the « a) plane and directed 
toward the origin, as shown in Fig. 4-4. The curvature is 
constant, equal to |«| = |k| = a/(a?+ 62), 


If the curvature is identically zero along a 
curve C, i.e. if |k| = 0, then t = 0 and, integrating, 
t = a, a = constant + 0 
Since t =x, we have, integrating again, ' 

x = as+b, b = constant Fig. 4-4 


that is, C is a straight line through (bs, bz, bs) parallel to a = ase: + aze2 + ases, Uy 
versely, if C is the straight line : Re 


o 


then t= o/s == and |k| = It = 


Thus we have 


Theorem 4.1. A regular curve of class =2 is a straight line if and only if its curvatu 
is identically zero. i 


a! 


‘ A formula can be derived which expresses the curvature directly in term of the derive 
tives of an arbitrary representation. Namely, in Problem 4.7, page 73, we prove 


Theorem 4.2. If x=x(t) is an arbitrary representation of a curve of class = 2, then 


kl = fe X x” |/[x’P 


/ 


PRINCIPAL NORMAL UNIT VECTOR 
Since C is of class =2, the curvature vector k =t= varies continuously along C 
however, the unit vector in the direction of k, 
Up = k/|k| 


is not defined where k= 0, and may jump, as in the examples below. Thus we are led ti 
consider not u, itself but a unit vector parallel to k with its sense chosen arbitrarily bu 
in such a way as to be continuous along C wherever possible. This vector shall be denotet 
by n=n(s) and is called the principal normal unit vector to C at the point x(s). 


Note that if there are no points of inflection on C, ie. if k(s) ~0 for all s. we can simply 


choose n = k(s)/|k(s)| 


the unit vector in the direction of k. Note also that along a straight line we have k = 0; 
so that the principal normal unit vector n is undetermined. 


Oe ATURE AND » TORAION. 


Uae wil Gers Ha 
be a continuous Fumetion sfx) an c mek that 
obras to tii ip 7m hae th See ae |.) eee 
x i: at a point of — ay we'have « a i: wen : 
= 2 6, a 


‘The quantit, 
¥ «i#) defined 

xis). Nate, howeve ed by equation (é . 

. T, vine 3 4G) in alec cal 
mined only within 4 ce the sense of a ja j initlaty aroet the curvature of C at the point 
defined previously, ia ay east ee only its absolute + sient the Ange a{sj is deter. 
5 Misic property of the i = Tk curvature BR 

* curs, 


lf wet miultiply ( hi} b z = 
I hy oS RR ‘a? =i, we bare the formiuia 


« = kfs)- pis) (4.7) 
Exantple 13. vy 
Along the third degy 
wares w= fe, + Pe, shown im Fig, €5, 
AM, 
oan 4 ! fe { 
3 b ity + He, 8 on 4 ? ds fi bu’ 
a 4 ps » KEE - Wek. , 
i #2 5 i a £ 5 tl i dif 8 a -_ Ft * gM; oR thw, # Ha ' a | 
; 
and mela Ma A/S) 2 moe F | 
de Al igai* -=«“* HE Hae, = a) | 
: 


The eivection af k be phewees ti Pig, ad(n3 


a * vy 
— - Oe Ree ET 
i >My tes yo & 
(hi The weeter ®, ~ a" yas Fae weateer < e, tar 
By for 7B 


fa) The veetor a 


Pig, 6% 
gi of inflection fiers wm, hee a emer i, pemee oe vhowe it 


ee a pot 
26 snd we ™ tiywwes peertive 7 as 


de 220, ke 

. t approas bes 

Fig. 4-8(b). For, the limit of e * (fle, =e) 
tee) = Ear” iy 


en eC, ae 
to * Be ee wire 


geo Fe 
roaches B geal aagntive #58 
Me, > By w= & 


aors, (0, > WR ys tA 


ay 
= 


winner phe Tiedt of ty 82 f APP 
sus 2 Hire bi are tit 
a wae 
ay ~ a 
: i { 1 for EY af we cheome 
sianin wh gnnd tha Tact FRRE Uf at BEES 
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—k/|k| - for «<0 
n= 4 @ for t=0 = —(1+ t4)-1/2(fe, — ep) 
k/|k| for ¢>0 
n will vary continuously along the curve as shown in Fig, 4-5(c). For this n we have, from equation, 


k = ken = [—28(1 + t4)—2(te, — e9)] © [—(1 + t4)—1/2(tey — e9)] = at(l + t4)~3/2 


(, 


Example 4.6. 
We consider the curve of class C” (see Example 
8.18, page 49): 
te; te“Ve, for t<0 
x = 0 for t=0 
te, tee, for t>0 


As shown in Fig. 4-6, the curve lies in the 2,3 plane 
for ¢<0O and in the x,%, plane for t>0. It fol- 
lows that k lies in the 2,%3 plane for t<0 and in 
the a2) plane for ¢>0. Here it is impossible to 
, define n so that it is continuous at t= 0, since k 
_, Jumps from the x3 plane to the a i» plane. Fig. 4-6 


As shown in the example above, even a curve of class C* may not have a defini 
principal normal at a point of inflection. However, if the curve is analytic, a continuo 
principal normal will always exist. Namely, in Problem 4.15, page 75, we prove 


Theorem 4.3. An analytic curve which is not a straight line will have a definite continuo 
principal normal unit vector in a neighborhood of a point of inflection. 


/ 


PRINCIPAL NORMAL LINE AND OSCULATING PLANE 


The straight line passing through a point 
x on a curve C parallel to the principal unit 
normal as shown in Fig. 4-7 is called the 
principal normal line to C at x. It follows 
that the equation of the principal normal line 


at x is 
y=xthkn, -»x<k<w (4.8) 


The plane parallel to the unit tangent 
and the principal unit normal is called the 
osculating plane to C at x. It follows from 
Example 2.3, page 22, that the equation of 
the osculating plane at x is given by the 
triple scalar product 


[(y —x)tn] = 0 (4.9) Fig. 4-7 


‘ Osculating 
. plane 


Principal Normal 
Line 


If we use the fact that t= and that t= is parallel to n, then at a point whe! 
x #0, the equation of the osculating plane is also given by 


((y—x)k¥] = 0 | (4.1! 


We recall that the tangent line at a point on a curve can be defined as the limitin 
position of a line passing through two neighboring points on the curve as the two poinl 
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approach the given point. ‘ ; 
ae aepainikasGtnularly: tite pace way a line is obtained that in a sense best fits the curve 
ofa plane passing through thie ing plane at a point can be defined as the limiting position 
fii pivaie pointer Theeangent a neighboring points on the curve as the points approach 
Hiich hie dsertin drdar of'co Hi and osculating plane are examples of geometric figures 
sss cue fees will be wideted + were: the curve, The theory of contact between curves 
SAdecd ogni tromihis ponte ne e next chapter and the osculating plane will be con- 


Example 4.72. 
Consider the helix x = (cos t)e; + (sin t)eg + tes. 


x’ = (—sin the, + (cos fe, + es, x'| = v2 


t = x'/|x'| = (1/V2)((— sin te, + (cos thes + e,) 
and t 
b= t= t’/ = — in. 
and, since k #0 for all #, ; a (4)((cos Hey + (sin tex) 
n = k/|k| = —((cos t)ey + (sin t)e,) 


The equation of the principal normal at ¢= 7/2 is 


y = x(x/2) + kn(e/2) or ¥ = We wiles, 


a0 <p <i 
and the equation of the osculating plane at t=7/2 is 
[(y — x(n/2)) t(m/2)m(n/2)] = 0 : 
v1 —1/yv2 0 | 
det | y2—1 Oct |, Sida" yor fhe! = 2 


or 


peat jee OP, 


BINORMAL. MOVING TRIHEDRON 

ular curve C of class 
two orthogonal and conti1 
In. Now consider the vector 


p(s) = t(s) Xn(s) 


Let x =x(s) be a reg >92 along which n is continuous. Then at 
each point on C' we have uous unit vectors: the unit tangent t 


and the unit principal norma 


b is continuous and of unit 
(t, n, b) forms 2 right-handed 


let as shown in Fig. 4-8. The 


We observe that 
length, and that 


orthonormal trip 
vector b(s) is called the unit binormal vector to 


C at the point x(s) and the triplet (t(s), n(s), b(s)) 
is called the moving trihedron of C. 

The straight line through x parallel to b 
is called the binormal line to Cat x. It follows. 
that the equation of the pinormal at x is 


ya ort << © (4.11) 
The plane through a point x on C parallel to 
t and b is called the rectifying plane at x. The 


equation of the rectifying plane at x is 
0 (4.12) 


Fig. 4-8 


(y—x)*n == 


pease 
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Binormal Line 


Tangent Line 


Fig. 4-9 a 


Thus at each point x on C we have the following three characteristic lines and plang 


a 


Tangent line: y = xt+hkt 
Principal normal line: y = x + kn 
Binormal line: y = x+kb 
Normal plane: (y—x)-t = 0 
Rectifying plane: (y—x)-n = 0 
_ Osculating plane: (y—x)*b = 0 


Example 4.8. 


_ Referring to the helix in Example 4,4, we have 


x = a(cost)e, + a(sin t)e, + bie; a> 0, b+¥0 


t = (a? + b2)—1/2(—a(sin the; + a(cos t)ep + bes) 


a : 
k = — Gee pe ((cos de, + (sin te), n = i = —((cos t)e, + (sin thes) 
e; —a(a?+ b2)-1/2 sint —eost 
b = tXn = det €2 fa? + b2)-1/2 cost — gin t 
€;  —-b(a2 + b2)—-1/2 0 


= (a? + b2)-1/2(6(sin the; — b(eos they + aes) 
The equation of the binormal line at t = ft) is 


Y = x(to) + kb(t)) 
or Y = (a@costy + kb(a2+ b?)—1/2 sin ty) 


e + (a sin ty — kb(a2+ b2)—1/2 aog to)eo 
+ (bt + ak(a2 + b?)—1/2)e,, 


—~<k<w ff 


Or, if we introduce the change in parameter 0 = k(a2 + 62)-1/2, 


wy 
. 


y = (a cos ty + 6b sin Ele, + (a sin ty — ob cos to)eg + (bty + aA)es, —7<ga< 0a Sa 
The equation of the rectifying plane at ¢ = to is 


(y — x(fp)) n(éo) = 0 
or (y, — @ cos ty)(— cos to) + (Yo — a sin to)(— sin t,) = 0 
or 41 COS fg + yp sinty = @ 
Observe that rectifying planes are parallel to the 3 axis, 
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We now sup 
pose that x = 
class C!, Then we can differance 
e 


\ 


is a regular curv : a 
: ee ‘% e of class =8 al ni ee 
bis) = ie) xn(e) + te) xa hie Hls)xng), obtaibg. 
where we used equati eee «(s)[n(s) X n(s oat i 
quation RUE ASL OO SE s)] + t(s) Xn(s) = ° 
(4.6) and the fact that axa=0 for all ae t(s) x n(s) (4.28). 
. Since n is a unit vector, 


n is orthogonal to n 

: and the i 

linear combinatio perore 1s Para 

n of tand ba allel to the rectifyin 

om g plane. It follows that n is 4 


Substituting into (4.13), n(s) = us) t(s) + 7(s) b(s) 
b(s) = | 
or . t(s) x [n(s) t(s) + x(s)b(s)] = (s)[t(s) x bs) 
_ bs) = —7(s)n(s) (4.14) 


where we use the f 
act : 
NAO anne: that (t,n,b) is a right-handed orthonormal triplet and hence 


The continuous f i 
unct 
‘SG atxiah’ Note that rial ? defined by (4.14) is called the second curvature or torsion 
ake the scalar product of (4.14) with n, we obtain the formula 
r= —b(s) n(s) 
x . - | (4.15) 
tae pas a sign of + is independent of the sense of n and_t i and 
Seen eas oo curve. For suppose first that we change the nense a 
=-—n, then b* =tx n* =tX (—n) = —b and, from equation (4.15), 


ct = —b* + n* = —(—b) + (-n) = -b-n => TT. 


he sense of n. Next, suppose we introduce a change in orientation; 


Thus 7 is independent of t 
+ constant. Then t* = —t. Also, 


that is, suppose $ = _g* 
b* = t* xn = —(t x n) = —b 
dot _ dht ds _ _db db . 
ong PS ae se 
% = _ db* en = _ db = , 
ane ds* ~ ds i 


go that again 


which is the required result. 


Example 4.9. 


We consider again the helix 


x = a(cos t)e; 


+ a(sin tes + bte3, a>0, #0 


Referring to Example 4.8, we have 
(a2 + p2)-1/2(b(sin t)e, — (cos the, + aes) 


b= 


4 db _ db dx| = 24 b2)—1(b(cos t)e + b(sin te 
ee ne ae | a ere Je, + (sin tes) 


ant, equal to 
b/(a? + b?) 


_(a2 + b2)~3(b(c0s #4 


The torsion is const: 

+ b(sin fes) ° ((— cos te, — (sin the.) = 
is A right-handed curve as shown in 
x as shown in Fig. 4-10(b). Since 


not be superimposed. 


Fig. 4-10(a) below.. 
the sign of is 


Te —b on = 
7> 0) the helix ! 
js a left-handed heli 


b>o (so that 
t these two curves can 


t_r<0) the curve 
we conclude tha 


Hote that sf 
if b <0 (po tha 
an intrinsic property, 
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(a) Right-handed helix, + > 0 (b) Left-handed helix, 7 <0 


Fig. 4-10 


If the torsion vanishes identically along a curve x = x(s), i.e. if 7 = 0, then b= ~mn 
Hence b=constant =by. Now consider | 


d F 
Gs (** bo) => x'bo = tbo 


Since t and by are orthogonal, then Le: bo) = 0 
and, integrating again, 


x+bo = constant (4.16) 


That is, x = x(s) is a plane curve ‘confined to 
the plane x-bo = constant. In particular, é i 
x = x(s) lies in its osculating plane as shown “4 
in Fig. 4-11. The converse is also true. Thus Fig. 4-11 


Theorem 44. A curve of class =8 along which n is of class C! is a plane curve ita a 
only if its torsion vanishes identically. 7 


Unless otherwise stated we shall assume that our curves are regular curves of ual 
and that along the curve n is of class C'. In this case it follows that 7 is continuous a 
that x,t,n and b are of class C’. i 


A convenient formula is also available for torsion in terms of an arbitrary represent 
tion. In Problem 4.19, page 77, we prove 


Theorem 4.5. Ata point on a curve x=x(t) at which «#0, 
[xei’x?7) 


|x’ x a 


SPHERICAL INDICATRICES 


The unit tangent vectors along a curve C' generate 
a curve T on the sphere of radius 1 about the origin as 
shown in Fig. 4-12. The curve L is called the spherical 
indicatria of t. 2 

If x=~x(s) is a natural representation of C, then 


x1 = t(s) = x(s) will be a representation of r. However, 
in general s will not be a natural parameter along 


x, = t(s), since / ee 


dx dt : a 
ch = fl = bl a 


, 


ds ds 


In fact x1=t(s) is a natural representation of I iff 
the curvature |x| = 1 along x =x(s). 


Fig. 4-12 
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Similarly one consi 3 
milarly nsider, 

spherical indicatrix x are 


3=b(s) of 


Pherical ingions.: 
Tieal indicatrix of the unit normal. x,_ 


Example 4:10. 


Referring to the helix in Examples 4.8 and 4.9, w h 
9, we ha 
x = @(cos te, + (sin te, + +a a>0, b# 0 
= (a+ b?)~1/2(— alsin the, + a(cos t)ey + bes) 
b= (@ ‘ é ee + (sin t)e,) 
Observe that t,n,b all have const pee oe me eet Scar 
Observe that t Ball stant components with respect to €s, so that their spherical images are 


Th i p eri 2. i i f t e, 1S 
1¢. ] indicatrix of t and hence its radi Ss 
e radius of the 8 h us of curva ur y Ii 


‘ = (1 b2 \3 
t 7 ~~ q2 a pp = ee 
a? + $2 ~~ (2+ 62172 
The radii of curvatur " 
e . fae 
respectively: of the spherical indicatrix of n and b are p. = 1 and a, = ae 
n b (a2 + 62)1/2 


Solved Problems 


vi TANGENT LINE AND NORMAL PLANE 
Find the equations of the tangent line and normal plane to the curve 


Pee x = (Ltter — Per + (1+ ees 


x’ = e, — 2te, + 3te3, x(1) = 2e; —e2g+ 2e3, x/(1) = e; — 2eq + 3e. 
The equation of the tangent line at t=1 is 
y = x(1)+kx(1) or y = (2+k)ey — (1+ 2k)ey + (2+ 8h)e, 
The equation of the normal plane is 


(y—x(1))*x/(1) = 0 or (v1 2) + Wo + 1-2) + (vg—2)8 = 0 or yy — 2yy + Bye = 10 


4.2. Find the intersection of the a:72 plane and the tangent lines to the helix 
x = (costje: + (sintje: + tes (¢>0) 


The tangent line at an’ arbitrary point x is 
y =xtkx’ or y= (cos t — k sin t)e; + (sint + k cos the, + (t+ kes 


or, using x as the position vector, 
x, = cost—ksint, % = sint+kcost, 2 = t+k 


The equation of the %4%2 plane is %3 = 0. Hence along the intersection, t+h=0 or k=—+, 
Thus the intersection is the curve 


2, = cost+tsint, %, = sint—tcost, %,; = 0 


the unit binormal. = n(s) and the oe 


‘ 
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Show that the tangent vectors along the curve x = ate, + bte, + Hes where i 
make a constant angle with the vector a = e1 + e3. 


x’ = ae, + 2bte, + te, 
x'| = (a2 + 4742+ 9t4)1/2 = (24 Gat? +944)12 = g 4 gy 


where we have used 202 = 3a. Then the angle between the tangent x’ and a is 


hg 2 
x | ja 


oe 


4.4, 


A curve is called a general or cylindrical helix or a curve of constant slope, if, asin 
Preceding problem, there is a fixed vector in space, called the axis of the helix, , 
that the angle a between the tangent vectors and the axis is constant. We exclude 
case «=0 for which the tangent vectors are all parallel, in which case (See Prob 


4.28) the curve is a straight line. Show that a general helix has a natural reprege 
tion of the form a 


x. = wi(s*)er + 22(s*)ep + 8*(COS a)eg 


We suppose that the helix is positioned so that 


the origin is on the curve and es is paralle 
the axis of the helix. Then 


cosa = cosxX(t,e;) = tre, = x "e; = f 
Integrating £3 = cosa gives 
%3 = 8cosate, ¢ = constant 
If a*7/2, setst=9+ c/(cosa). Then ts = s* 


cosa and we have a natural representation 
the form : 
xX = 2,(s*)e, + X2(s*)e, + s*(cos ale; 


as required. If @ = 7/2, then %3 =c=0 since the origin is on the curve. Thus 


xX = 2,(s)e, + X9(3) e5 
In this case the curve is confined to the 1X» plane. 


CURVATURE 
/}s 


q Find the curvature vector k and curvature |x| on the curve 
x = te: + de. + Lie, 
at the point t= 1. 


, 


x = @ + teg + eg, |x!| = (1+ #2 + e172 
t= x’/x'|) = 1+ 24 t4)—1/2(e, + tes + te,) 


* 
I 


(1+? + t)-1/2(e, 4 2tes) — (e; + tey + t2e5)(1 + #24 #)-3/2 (¢ + 243) 
= A+ E+ A872 [28 + te + (4 —A)e, — (124200) 
k=t= U/x'| = -(1+ e+ t4)—2[(223 + the, + (t4— Le, — (#3 + 2t)eg] 
At t=1 we have k= —$e,—e3) and |x| = Ik] = 4/2. ] 


Me Show that the curvature |x*| of the projection of a general helix (see Problem ts 
onto a plane normal to its axis is given by |k*| = |x|/sin?a where «0 is the angi 


between the axis and the tangent vectors of the helix and |x| is the curvature of be 
helix, 
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Let x = x(s 
length, its a ee 


dt 
ds t— (ut = 
and ju St — (cosa)u 
dx* dx*  dx* 1/2 
ds ds a | 
= [(t+t)-2 
nee oy a)(t*u) + (cos? a)(u + u)]!/2 
cos*a + cos%a]i/2 = sina, 
aI 0 < a<ar Fig. 4-13 
us _ adx* 
tt = ry dx*| _ t—(cosa)u d dt*® .- ¢ 
ds sin @ am Gu" t/sin a 
and finally jet] = Jie] = at*® / dx* . 
ds “ae | |t\/sin?a = |x|/sin?a 
Prove Theorem 4.2: Alon 
2: gacurve x=x(t) of class =2, |x| = |x’ x x [/[x’|8: cay 
x’ = o = dx ds = xs’ 7 es d eur e ds! dx aie: Cs 
t ds dt » x)= ae) = xa + oat = xe” + (s’)2x 
xXx” = (xs’) x (xs”” + x(s')2) = (s’)3(x X x) = Jx’[3(x X x) 
where we have used s’ = ds/dt = |x’|. Then 
Ix’ xx] = [xP XX! "= Jxc/[8 |x| [| sin 4G, ¥) 
But x=t and X= i are orthogonal, |x| =1, and |X| = |¢| = |x|. Hence [ac] = |x’ X x”"|/|x'*. ‘ 


s : : 
Show that a curve x= x(t) of class =2 is a straight line if x’(t) and x(t) are lineatly 
dependent for all ¢. 

Since |x’ xx”|=0 if x’ and x 
Hence from Theorem 41, page 64, x=* 


” are dependent, we have |x| = |x’ xx!" |/|x’[? = 0 for all t. 


(t) isa straight line. 


Je between the unit tangent 


>? and let A@ denote the ang 
), As > 0, as shown in Fig. 


Let x =x(s) be of class 
at a neighboring point x(s + As 


t(s) at x(s) and t(s + As) 


4-14(a). Show that the curvature 
dngiins grate pa cel 
k= ‘er As 4s 


e of change of direction of the tangent with respect to 


g a measure of rat 


Namely, |x| i 
arc length. 


Ke) t(s + As) — t(s) 


t(s + As) 


: (b) 
(a) Pig. 4-14 
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Sincet is a unit vector, \t(s + Aa) — t(s)| is the base ofan isosceles triangle with aid 
length 1, as shown in Fig. 4-14(b). Hence ; 


|t(s + As) — t(s)| = 2sin(fae) = Ae@ + o(4@) 


where we have used the Taylor expansion for the sine function. Then 


° - t(s+As)—t(s)| _ sy. t(s + As) — t(s) 
tt ec |= aes ama ae 
_ 4. Aoto(se) _ ,. [42 i 4, 0(49) | 
wey. As Thee (as A@ 
. _ Ag _ de 
Since jim, Ae = 0, then jim, (ae) = 0 and |x| = lim, Ag ode 


4.10. Show that a curve x =x(s) of class =2 is a straight line if all tangent lines hay; 
common intersection. : 


Suppose yp) is a common intersection of the tangent lines y = x(s) + kt(s). Then for eac!| 
along the curve, there exists k = k(s) such that 


Yo = x(s) + k(s) t(s) 


Note that along a tangent line y = x(s) + kt(s) we have k=0 if and only if y is on the cur 
Thus if we assume that the curve is simple, which is the case locally, k(s)~0 except perhaps fo: 
single value of s, say 8. Differentiating the above, 


O=-x+kt+kt = 1+bt+ht 
Multiplying by i, 0 = (L+&)(t-t) + k(t) 


Since t is orthogonal to t, then 0 = kt? or O=Kk\c|?, Since k(s)*0 for ss, |x| =0 : 
8 * 8. But |x| is continuous. Hence |x|=0 for all s, and it follows from Theorem 4.1, page 
that x =x(s) is a straight line. 


MOVING TRIHEDRON 
ot - Find a continuous unit principal normal and unit binormal along the curve 
x = (8t—#)er + Bie: + (8t+ te) 

x’ = (3—3822%)e, + 6te, + (3+ 3t2)e, 


e’| = 31-2)? + (22)? + +P? = sVB(1+ 2+ 2 = aVBa4 2) 


Mea. 1 
t= 4 = ——(11-%e, +2 2 
kl V5 + 2) [( , Jey +-2te. + (1+ #2)e5] 
gone ey ee —2te, + (1— te, ice [(2t)? + (1 — €2)2]1/2 ra 1 
yc eetie[o aa ee IK = 3(1 + #28 ~ B+ 2 
Since k #0 for all t, we can choose oe 
ee eres ts 
Ik} 1+ a2 TP eee 
e; 1 > 2 —2t 
and b = tXn = a det | €o 2t 1—# 
2)2 
ve(l + #) 1+# 0 
1 
= = —[-(1 + #)(1 — te, — 2t(1 + #2)ep + (1+ t2)2e,] 
Via+ep! © j ; : 
1 


2—1)e, — 2te, + (1+ 22 
V3( + 2) [(é Jey 2 + ( Jes] 
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3 ee 
4.12. Show that alon : 
g acurve x= 
and that its com x=x(t) the vector x” i 
ponen : ctor x’’.is parallel t i 
ts with respect to t and n are |x’/’ and sii rebpootitul B piane 
vely. 


Differentiating x’ = & ds 
= — — r . : 
ds dt ts’ with respect to £, we obtain 


x! = ; 
ts” + t's’ = ts” + ts'2 = ts!’ + nes? 


where from equatio i 
: n (4.6) t= 
its components wi : xn. It follows that x” i i 
th respect to t and m are wie Serpe ny ois seiemiare ai and that 
= pectively. 


4.13. (a) If x’ and x” . : : ‘ 
osculating plane pier gene sar at a point x along x =x(t), show that the 
plane to the curve x = te + i ae lies this formula to find the osculating 


(a) We saw in the 
A above proble my i 
eyes a mele ok 4 m that x’ is parallel to the osculating plane and we know that 
diigce macpenient. 4 A ves ree be the ‘osculating plane. Since we are given that x’ and 
ves , : x’ x!" is a nonzero vector normal to the osculati 
herefore the equation of the osculating plane at x is [(y —x)x’x"] save oe 


(b) x’ =e, + 2tegt 3ie5, x!’ = Ze, + 6teg 


Thus the osculating plane at t=1 is [(y —x(1))x’(1)x""(1)] = 0 or 


¥y—1 1 0 
det | Ye—-1 2 2 = 0 
vee s 


from which 
or 8y, — 8¥2 t+ ¥s = 1. 


(yy — 1)6 — (y2— 1)6 + (yg—1)2 = 0 


x = a(costje: + a(sin t)e2 + btes at which the 


d point are confined to a plane. - 
helix at which the osculat- 


ly verified that x’ and x” 
x! = 0. 


ints on the helix 
through a fixe 
ey + btye3 denote the poin 
+ Yor®s t Yoses: 

f the osculat: 


4. Show that the po 
osculating planes pass 

Let x, = @(cos tyJey + asin ty) 

ing plane passes through the point Yo = Yorer 

ye independent for all t. Thus the equation © 


ts on the 
It is easi 
ing plane at x is [(y — x)x 


a 
Hence for each 4, yo —xtoo)= Co") i 
Yor ~ & cost, —a@sint — a cos ty 
or det | Yor — @ sin t) acost, —asinf, | = 0 ; 
vos — Otn b 0 
= a?Yos 


(byo)(a@ sin £) + (a?) (bt) 


(byo2)(a cos ty) — 
lie on the plane bYo2%1 


+ a(sin tes + bthe3 


= byo1%2 + arx3 = azyo3- 


‘ 


or, expanding, 


Thus the X, = a(cos t)e1 


ce curve x = x(s) 

pal normal unit 
= 

> 1, Since x= x(s) 


at so of order k : 
In fact k > 2, since i(so) = ¥ (80) = 9 


em 4.8: If x(so) is a point of inflection on an analytic 
traight line, then there exists continuous prince! 
curve in 4 neighborhood of So. 

hing derivative of x(s) 
hing derivative exists. 


4.15. Prove Theor 
which ig not a § 
vector n(s) to the 


Let x‘#?(89) be the first nonvanis 


such 2 nonvanis 


js not a straight line, : 
at a point of inflection. Thus we can write 
x(k) (so) ; ‘ x(k + 1)(s9)(8 — 8o)et! P 

= x(89) + x(s))(s— 0) + Kel (¢— 8)* + +H! 


x 


Ly oA NBEO 
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76 
x#)(g9)(s — &)—! x(k +1)(g9)(s — so)* 
Then t = x = (so) + —PE=a! k! 
: x(E)(gq)(8— Sp)E-2 x“ FD(So)(8 — 8)K-* 
and so ck to apo ot =)! 
x(*)(gq)  x(*+1(so)(s — 89) 
pe ie E — 2)! +——k=Dr Fists] = (a= ag)tm2 wip 
x) (g9) ; 
where w(s) is analytic at s9 and w(s9) = h—2) #0. Since w(s) is certainly continy 
there exists a neighborhood S,(so) such that w(s) “0 for s in S5(so). Now consider the y 
n = w(s)/|w(s)]. For s in Ss(sg), the vector n is continuous, of unit length, and k= t is a. me 
of n; for, w(s) f 
k = (8—8 )k-2w(s) = (8 — 89)*—?|w(s)| = (§— 8)*~2|w(s)[n = x(s)n 
|w(s)| ! ‘ 4 
which is the required result. Note that for this n, « = |k| iff k is even (5 — g,)k=2; 
Otherwise oy 
|k| for s = 8 
= —|k| for s <8 2 
TORSION 
4.16. Using the formulas of Theorems 4.2 and 4.5, find the curvature and torsion a 
the curve 
x = (8t — tex + 8te. + (8t+ tes 
= Ix’ Xx!" | [(3 — 3#)e, + 6te, + (8+ 32)e3] X [—6te, + 6e, + 6tes] | 
Ix'/3 | (3 — 8t)e, + 6te, + (3 + 3#2)e, [3 
_ 18| (#2 —1)e; — 2te, + (1+ £2)e,| 2 
27|(1— te, + 2teg + (1+ t)e,/3 ~~  B(1 + #2)2. 
_ [x'x x!"x!"") _ (x! X x!) ox!” 2 18[(t2 — Te, — 2teg + (1+ Jes] . 6[—e, + e3] Mg g ‘ 
[x’ X x!"2 Ix’ X x”|2 18?| (2 —1)e, — 2te, + (1 + #2)es [2 ~ a(t 
Observe that along this curve, |x| = 7. _ A . ae 
4.17. Show that along a curve x = x(s), X= et + int rb. 
Differentiating x = i= «xn, we have 
x = mtm = r-wxet) ten = xbxt+ bx t) + an 
where we use the fact that tn,b is’ a right-handed orthonormal triplet and hence n=): 
Again using t = «n and also b= —rn, we have 
x = 2(bXn)—er(n Xt) + en = 12(—-t) + ecb + in 
4.18. Show that along a curve x=x(s), [kxXX] = «?r. 


Using the result of the above problem, we have 


XxX‘ = tx *® = mx (-et+ent eb) = —(n X t) + k(n Xn) + re2(n Xb) = eb + 17 
since t,n,b is a right-handed orthonormal triplet. Finally, 
[kX xX] = xeXXK = tex RK = (tod) + rx%X(tot) =, re® 
w 


since t-b=0 and t*t=1. 


4.20. 


4,21. 


7=0 whenever «= 0. 
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45: A ae ; 
Os AAC a point on a vain : 
: ; e x 


[rl "| 
e et d __ 
A ooh a | J x x”? 
dt ds = xt ee 
eee d — : eee H (x13) eens 
x — —( es : ds = xt + a, eri geen : : 
ag tt+x’b) = yy dex Jt. = xt + xt 
Hence Pie Et xltt + grote 
bs x’2tt + x! B garg i ane 
: =, nba 8x" t t + x43 


es 


(x EY» (Eb a8) ae ge? JZ 
, 1x (xt + Bx!'t t + x!" $3) : : 


eae 


xXx ] = 


(x! i) . [3 ee e 

€2¢ x’ xXx! eee 

3 i2¢ : @ nee ’) Be Et3 (x! x x!) 4 hee 

ae t 2 [x'x’x!] £2°6'(x" Xx") + E5(x”” x x!”)] a 


i 


Since x’x'x’ + ‘fist Tot oe, see 
x’x") = xx’ x!" ° 
fe’x'x"| = 0, J a8 Eee] + de" 
: ‘ “4 


[kx xX] -- i 
‘ = U8 [x!x!x/"" eeasies Tepthap HT 
gee ee 1 es BE ee — 
: ds = 3 : 
T ds/dt .  Usin 
(Theorem 4.2), we have . |x'| g the results of the above problem and x, = |x’ Xx""| 
@ 08 cee a“ ro Tels 
r= [xx x ] me [x’x!"x!"] [x!x!’x!”"] Ie 
2 => —_— = —,, 
2 x2 |x"[8 ix’ Xx”? 


mn 


intersection. 


The equation of the osculating plane at x 1s (y = x) “b= 0. Thus if Yo 18 the common intersec- 
ry { 


(Yo — X)° b= i iati = a 
0 ) 0 for all s. Differentiating and using the fact that x =t and b are orthogonal 
? 


tion, 
we have : 
(yo x)*b = 0 ‘or 7(yo—x)*n = 0 
since b=—7n. Now suppose the curve is not a plane curve. Then from Theorem 4.4, page 70 
hborhood S48) where 7 #0. Thus in Sh), ae ne 


and hence a neig: 
—x is orthogonal to n. But also, (yo—x)*b=0; hence yo—* is 


k= k(s) such that for s in Ss(so)) Yoo * = kt or you xt kt; 
t Yo is also the intersection of the tangent lines. But then in 
ch ‘is impossible since 70 in Si5(8). Hence 7 = 0 for all 


there exists a point So 
(yp x) °2 = 9; that is, Yo 
parallel to t. Thus there exists 
that is (see Problem 4.10), the poin 
S5(So) the curve is a straight line, whi 
s and the curve is a plane curve. 


Show that a curve is a general helix if and only if ;/x is constant where « # 0 and 
f unit length and that teu = cosa. Recall 
which would correspond to 4 straight line 
vector b*(s) orthogonal to t(s) such that 
Evidently p*(s) and also n*(s) = b*(s) X t(s) are continuously differenti- 
in te (t cosa + b* sina) = 0 and, since t-t=0, there 
can be chosen respectively as the principal unit 


is a general helix with axis UO 


Supp 
(Problem 
parallel to u. 
u = tcose 
able. Differentiating t 
follows ie b* = 0. Thus n= n* 
normal and unit pinormal along the ¢ 

i cos a 


urve- 
= «mcosa — 7™ sin a 
«= 0. 


Q. whenever 
Then 


Ka. 


‘a = constant. 


9 = 2 
= eonstant whenever «#0 and that r= 
whenever. * #0 and 77> Q whenever 


= 0 or, integrating, tcosatb sina = 


at t/k = cota 
at is, x = x(8) is a helixe 


pose that 7/«= cota, ¥ 
and hence t cosa + b sina 


gth and t¢u= cosa = constant; th 


we conclude th 


Conversely, sup 
_ sina = 0 


Thus u is of unit len, 


OE 


(t) where «#0, the torsion ig. 


ath I 
‘o dae 

rake h CURVATURE AND TORSION 
y yt 
-22. Show that along a regular curve -x = x(s) of class =4, 


ee coe 4 5 £ 
[xm] =" de (x 


and hence x = x(s) is a general helix if and only if [%xx] = 0. 


Referring to Problem 4.18, ¥ XX = «b+ rx2t. Differentiating, 


(ge) + 3b + (gn) t + rK2te. 


: (g=) b — re?n + (nt) + r?n = 


Then, applying Problem 4.17, 


78 


xX x(4) 


II 


‘Il 


: F d ‘ d dia 
eX xO = (—2t+ kn+ ceb) - [(¢ @)p + (2 nt) t} = er + mea 
—— . d t 
= —Ktt — rede + Brie = —K3[kr — zal = ~# (2) : 
Th Sees C4). [¥XxO] = re 2 
us [xxx] = deg 


If x=x(s) is a general helix, then everywhere on the curve either * =0 or 7/« is constan 
that [%X'x]=0. Conversely, if [X%x@] =0 and if there are ho points of inflectio; 
that «+0, then’we can conclude that «/r = constant and therefore x = x(s) is a general h 


SPHERICAL INDICATRICES 4 
4.23. Show that the tangent to the spherical indicatrix of the tangent to a curve 6 
parallel to the principal normal to C at corresponding points. : 


Let x, =t(s) denote the spherical indicatrix of the tangent to the curve x = x(s). Bu 
tangent vector to x, = t(s) is ite re 
1 


ds = ts) = x(s)n(s) 
which gives the required result. 


4.24. Show that the curvature of the spherical indicatrix x, — t(s) of the tangent 
c= a2 + 7?) /2, 


: t x t oo x eee c 
From Theorem 4.2, page 64, Jx,| = | jie | = ae ’ From Problem 4.18, 
t K 
ie! |x3b + rx2t| _ [xb rt] 
K ee ee eed | 
arg Jec|3 |x| 
7 |xb + rt|2 a (xb + tt) * (kb + ct) _ K+ 72 
hd eo ss gh ee 


4.25. Show that the torsion of the binormal indicatrix x; = b(s) of a sufficiently regi 


curve is +, = &—* 
3 t(x? + 7?) , 
We use Theorem 4.5, page 70, to find. 73. From b=-—rn we have 
Shs sah aan rE(bXt) = int r[bx t+ xd) 
= m+ c[-r(nXt) + e(bXn)] = in + 2b — oct 
Then 


bx b = (n)x(in+b—xrh = r8(n Xb) — 72x(m Xt) = e8tt xb = eXrt tab) 
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4,26. 
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4.28. 
4.29. 


4.30. 


4.31. 


4.32. 


4,33. 


4.34. 


4.35. 


4.36. 


4.37. 


4.38. 
4,39. 
4,40. 


4,41. 


4.42. 


4,43. 
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and bxb des 
| = doxty = 4, 

= Gytlrtt+ xb) = 2rr(rt 

as" +b) + 123+ rf+ tb al 

eis t+ rt+ xb 

= mad xb) + 72(7t+ ern + xb — ren) ps 

© es tee i 7 
ihe oy eee ret eb) + r(rt+xb) = Sr2st + (2rix+12e)b 
= moe A (b xk hon ‘ : 4 
b) = (7m + 2b — ert) + [Br2Ft + (2rte + kr2)b] 
= rr -3 J e e 
erie bet [—3xt + Qe¢ + rk] = S(re— xt) 
= ie 73(rx — xt) _ Te — KT 
|b x bl2 TH(x2+ 72) ~~ (x2 + 72) 
ke Pyke 
= upplementary Problems 
ind the i i 
(sin the. + ee hele %\%_ plane and the normal plane to th 
. 1 eas : 
7/2. Ans. x; = —7/2, 2 =k, %3 = 0, a ok < 7 eee 


Find the intersecti 
ction of the z 
CE Ria ENCE gee ab 1/8, 0) the tangent line to the curve x = (1+ te — te, + 


Show th j i 
at a curve is a straight line if all tangent lines are parallel 
Let Ae be the it tar 
angle between the unit tangents t(s + As) and t(s), As > 0., Show that lim Ao = 0 
Sh is | 
ow that along the plane curve x = 24(t)e, + x2(f)ep the curvature is 


, 
Jx| = Jie — ae | 


(xt)? + (xp)?]9/2 


Show that a curve is a straight line if x’ and x” are linearly dependent for all ¢. 


Find the curvature along the curve x = (t — sin t)e, + (1 — cos the. + tes. 
Ans. |x| = Gt A sin t/2)1/2/(1 + 4 sin? t/2)3/2 
= (t—sinf)e; + (1 — cos they + te3. 


Find the torsion along the curve * 


Ans, = UE + 4 sin‘ t/2) 


Show that «7 = |t- bl. 

ttt. , ote tes i 
Show that the curve x = tyt— @ + Tage 88 lies in a plane. 
tion f(t) so that the curve x = a(cos t)ey + a(sin t)eg + f(t)eg will be 


func 
Beost+C, A,B,C = constant 


Find the most general 
f() = Asint + 
te, + 4t?e, + tHe meet at a 


a plane curve. Ans. 
three points on the curve X= 


g planes at any T 
these three points, 


osculatin 
determined by 


Show that the 
the plane 


point lying in 
Show that x = x(t) is a plane curve if and only if [x'x!"x!""] -0. 
f Theorem 4.4, pa then 7+ = 0. 


elix iff the tangen 


ge 70: If x = x(8) ig a plane curve, 


Prove the converse ° 
t indicatrix is a circle. 


Show that a curve is 4 general h 
t the tangent to the tangent indicatrix of @ curve C is parallel to the 
a 


Show th 
binormal jndicatrix at corresponding points. 
ES 8 gg (Oe 
Show that the curvature along the pinormal jndicatrix 15 *3 (x2 + 72)/« 
ies ee a Tk — KT : - 
Show that the torsion along the tangent indicatri is 1 = +r) 
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